We consider the Potts model and the related bond, site, and mixed site-bond percolation problems on triangular-type and kagome-type lattices, and derive closed-form expressions for the critical frontier. For triangular-type lattices the critical frontier is known, usually derived from a duality consideration in conjunction with the assumption of a unique transition. Our analysis, however, is rigorous and based on an established result without the need of a uniqueness assumption, thus firmly establishing all derived results. For kagome-type lattices the exact critical frontier is not known. We derive a closed-form expression for the Potts critical frontier by making use of a homogeneity assumption. The closed-form expression is new, and we apply it to a host of problems including site, bond, and mixed site-bond percolation on various lattices. It yields exact thresholds for site percolation on kagome, martini, and other lattices, and is highly accurate numerically in other applications when compared to numerical determination.
I. INTRODUCTION
An outstanding problem in lattice statistics is the determination of the critical frontier, or the loci of critical point, of lattice models. Of special interest is the q-state Potts model [1] and its associated lattice models [2] . For q = 2 it is the Ising model, and for q = 1 the Potts model generates the percolation problem [3] including the bond [4] , site [5] , ane mixed site-bond percolation. However, except for the simple square, triangular and honeycomb lattices [7] and some special lattices essentially of a triangular-type [8] , the determination of the Potts critical frontier in general has proven to be elusive. In this paper we consider the Potts model on two general classes of lattices, the triangular- 
where δ ij = δ Kr (τ i , τ j ), δ 123 = δ 12 δ 23 δ 31 , and A, B, C, A ′ , B ′ , C ′ are constants. In (1), we have assumed interactions isotropic in the 3 directions of a triangle. The extension of our analysis to anisotropic interactions is straightforward and will not be given. Special cases of shaded triangles are the "stack-of-triangle", or subnet, lattices shown in Figs. 2 and 3 that have been of recent interest [9, 10, 11, 12] . We refer to these stack-of-triangle lattices as subnet lattices. The 1 × 1 subnet lattices are the triangular and kagome lattices themselves. We shall call a kagome-type lattice with m × m down-pointing and n × n up-pointing subnets an (m × m) : (n × n) subnet lattice, or simply an (m × m) : (n × n) lattice. Examples of these kagome-type subnet lattices are shown in Fig. 3 . Partition functions for the two lattices in Fig. 1 are
Z kag (q; A, B, C; A
where the products are taken over the respective up-and down-pointing shaded triangles.
The critical frontier of the triangular-type lattice of Fig. 1 (a) has been known from earlier works [13, 14, 15] , but the critical frontier for the kagome-type lattice of Fig. 1(b) is open.
For q = 2, we can replace Potts spins τ by Ising spins σ = ±1 and shaded triangles by triangles (1 × 1 subnet) with an Ising interaction K I (= K/2). To determine K I , we write
Equating (4) with W △ in (1), one obtains after a little algebra
It follows that the partition functions (2) and (3) are completely equivalent to those of the triangular and kagome Ising model.
For q ≥ 3, the shaded triangles can be replaced by any triangular network having 2 independent parameters. An example is the mapping shown in Fig. 12 in Sec. III G.
Parameters A, B, C for a given Potts subnet can be readily worked out. For the 1 × 1 triangle, for example, one has
from which one obtains
where v = e K − 1. For the 2 × 2 subnet, one obtains in a similar fashion
Expressions of A, B, C for 3 × 3 and 4 × 4 subnets are derived and given in a subsequent paper [16] , hereafter referred to as II.
The structure of this paper is as follows: In Sec. II we consider the triangular subnet lattices and apply the rigorously known critical frontier to various models including mixed site-bond percolation. In Sec. III we consider the kagome-type lattice, and derive a closedform expression for its critical frontier on the basis of a homogeneity assumption. We show that this critical frontier is exact for site percolation on the kagome, martini, and other lattices, and is highly accurate in other applications. The accuracy of the critical frontier will be closely examined in paper II.
II. TRIANGULAR-TYPE LATTICES
In this section we consider triangular-type lattices of Fig. 1(a) .
The Potts model on the triangular-type lattice was first studied by Baxter, Temperley and Ashley [13] in the context of a Potts model with 2-and 3-site interactions. Using a Bethe-ansatz result on a 20-vertex model on the triangular lattice due to Kelland [17, 18] , they showed that the partition function (2) is self-dual, and derived its self-dual point which,
in the language of the interaction (1), reads
This self-dual trajectory was later re-derived graphically by Wu and Lin [14] . However, as is common in duality arguments, an additional assumption of a unique transition is needed to ascertain that (9) is indeed the actual critical frontier.
However, Wu and Zia [15] established subsequently in a rigorous analysis that (9) is indeed the critical frontier in the 'ferromagnetic' regime
It can be verified that the condition (10) holds for (7) and (8), so the critical frontier qA = C is exact. Applications of (9) to the martini and other lattices have been reported in [8] . The duality relation of the triangular Potts model with 2-and 3-spin interactions has also be studied by Chayes and Lei [19] with several rigorous theorems on the phase transition proven.
A. Ising model
In Sec. I, we have established that for q = 2 any triangular-type lattice is reducible to a triangular Ising lattice with interaction K I given by (5) . Indeed, using (5), the known critical point e 4K I = 3 of the triangular Ising model reduces to the critical frontier 2A = C as expected.
For the Ising model on 1 × 1 and 2 × 2 subnet lattices with interaction K I , we set q = 2, v = e 2K I − 1 in (7) and (8), and obtain from 2A = C the critical point
where x = e 2K I . Using expressions of A and C given in II for 3 × 3 and 4 × 4 subnets, we obtain similarly It is well-known that bond percolation is realized in the q = 1 limit of the Potts model under the mapping v = p/(1−p), where p is the bond occupation probability [3, 4] . Therefore the percolation threshold is given simply by C = A. Thus using (7) for A and C for the triangular lattice, one obtains the well-known [20, 21, 22] critical frontier for bond percolation 1 − 3p + p 3 = 0, or p c = 2 sin(π/18) = 0.347 296 355. (triangular lattice).
For the 2 × 2 subnet lattice we use (8) and obtain
In a similar fashion using expressions of A and C given in II, we obtain 
These findings agree with those of Haji-Akbari and Ziff [12] deduced from a duality consideration. As aforementioned, our derivation now ascertains that these thresholds are the exact transition points.
C. Potts model
The exact critical threshold for the Potts model on triangular-type lattices is (9), or qA = C. Using expressions of A and C given in (7), one obtains the known critical frontier [6, 7] 3v
For the 2 × 2 subnet lattice one uses (8) and obtains the critical frontier
Solutions of (17) and (18) and those of the 3 × 3 and 4 × 4 subnet lattices are tabulated in Table I for q = 1, 2, 3, 4, 10. Note that the q = 1 solutions are related to the bond percolation thresholds (13)- (16) by e Kc = 1/(1 − p c ). Kunz and the present author [5] have shown that site percolation can be formulated as a q = 1 limit of a Potts model with multi-site interactions. The Kunz-Wu scheme is to consider a reference lattice with multi-spin interactions, and regard faces of multi-spin interactions as sites of a new lattice on which the site percolation is defined. The critical frontier of the Potts model on the reference lattice then produces the site percolation threshold for the new lattice. This scheme of formulation can be extended to mixed site-bond percolation.
Site percolation on the triangular lattice:
Consider as a reference lattice the triangular lattice with pure 3-site interactions M marked by dots shown in the left panel of Fig. 4 . The dots form a triangular lattice shown in the right. The Kunz-Wu scheme now solves the site percolation on the triangular lattice.
We have
or A = 1, B = 0, C = m = e M − 1. Writing m = s/(1 − s), where s = 1 − e −M is the site occupation probability, the exact critical frontier A = C now yields immediately the well-known site percolation threshold [20, 21, 22, 23] for the triangular lattice, 
Site percolation on kagome lattice:
Consider the reference 2 × 2 subnet lattice with pure 3-site interactions M denoted by dots shown in the left panel of Fig. 5 . The Kunz-Wu scheme then maps the reference Potts model into site percolation on the kagome lattice as indicated in the right. Now for a 2 × 2 subnet containing 3 dots as in Fig. 5 , we have
where m = e M − 1. Writing m = s/(1 − s) and setting q = 1, the rigorous critical frontier A = C yields the critical condition 1 − 3s 2 + s 3 = 0, leading to the known exact result [20, 21] 
Site percolation on
The above scheme of mapping can be extended to site percolation on (1 × 1) : (n × n) lattices for general n. The example of Fig. 5 is n = 1, and the n = 2 lattice is shown in Fig.   6 . The reference lattice (not shown) for n = 2 consists of 3 × 3 subnets with
where m = e M − 1, M is the 3-site interaction. After setting q = 1 and m = s/(1 − s), the critical frontier qA = C becomes
yielding the exact threshold
The exact critical threshold for higher (1 × 1) : (n × n) lattices can be similarly worked out. 
III. KAGOME-TYPE LATTICES
We consider in this section the case of the kagome-type lattices of Fig. 1(b) .
The critical frontier of the Potts model on kagome-type lattices has proven to be highly elusive. On the basis of a homogeneity assumption, however, the present author [7] has advanced a conjecture on the critical point for the kagome lattice. The conjecture has since been closely examined [24, 25, 26, 27] and found to be extremely accurate. Here we extend the homogeneity assumption to general kagome-type Potts lattices. For continuity of reading, we first state our result in Sec. III A, and present the derivation in Sec. III G.
A. A closed-form critical frontier and homogeneity assumption
For Potts model on kagome-type lattices described by the partition function (3), the critical frontier under a homogeneity assumption is
Remarks:
1. Despite its appearance, the critical frontier (26) actually contains only 3 independent parameters (Cf. (55) below). (26) is exact for q = 2.
The expression

B. Ising model
We first show that (26) is exact for q = 2. We have already established that the partition function (3) is precisely that of the kagome Ising model. For completeness we now verify that the critical frontier (26) also gives the known kagome critical point.
For symmetric weights A = A ′ , B = B ′ , C = C ′ , the kagome Ising model has a uniform interaction K I and the critical point is known to be at e 4K I = 3 + 2 √ 3 [28] . It is readily verified that, by using (5) for K I , this critical point gives rise to precisely the q = 2 critical frontier (26), namely,
The proof can be extended to the kagome-type model with asymmetric weights.
Critical thresholds of kagome-type Ising subnet lattices computed from (27) are tabulated in Table III . For the kagome and (2 × 2) : (2 × 2) Ising lattices, for example, we use (7) and ( For bond percolation threshold on kagome-type subnet lattices, we again use (26) with the substitution of q = 1 and v = p/(1 − p), where p is the bond occupation probability.
Using (7) and (8), we obtain 
Bond percolation thresholds computed from (26) for (m×m) : (n×n) lattices are tabulated in Table II . We also include in Table II numerical determinations of p c for the (1×1) : (2×2) [29] and (n × n) × (n × n), n = 2, 3, 4 [11] lattices by Ziff and Gu using simulations, and 
D. Potts model
Critical thresholds for the Potts model on kagome-type subnet lattices computed from (26) are tabulated in Table III . For the kagome lattice itself, for example, we have , and (26) gives the critical frontier The critical frontier (32) for the kagome lattice was first obtained by the present author some 30 years ago [7, 30] by using the homogeneity assumption described in Sec. III G. Comparison of the thresholds computed from (32) for q = 1, 3, 4 with Monte Carlo renormalization group findings has shown that the accuracy of (26) is within one part in 10 5 [24] .
E. Site and site-bond percolation
We now apply (26) to site as well as mixed site-bond percolation. First we show that (26) is exact in some instances. 
Site percolation on the 3-12 and kagome lattices.
where
, where s 1 and s 2 are the respective site occupation probabilities for the 3-12 lattice, the critical frontier (26) gives
For s 1 = s 2 = s, this yields the known [20, 23] 
Setting q = 1, This is a known exact result [26, 32, 33] , and is another example that the critical frontier (26) is exact. For s 2 = 1, the percolation reduces to that on the kagome lattice, and (37) gives the threshold (22) . For uniform occupation probability s 1 = s 2 = s, (37 
Site-bond percolation on the honeycomb lattice.
No exact result is known for the site and site-bond percolation on the honeycomb lattice.
Owing to the intrinsic interest of a percolation process on a simple Bravais lattice, the problem of honeycomb site percolation has attracted considerable attention for many years.
There now exists a host of highly precise numerical estimates on the threshold for site percolation on the honeycomb lattice [11, 23, 27 ]. Consider the more general mixed site-bond percolation on the honeycomb lattice with site occupation probabilities s 1 and s 2 and bond occupation probability p shown in the right panel of Fig. 9 . The relevant reference lattice can be taken as shown in the left with edge-interactions K and 3-site interactions M 1 and M 2 . To make use of (26), we adopt the scheme of devising up-and down-pointing triangles as indicated in Fig. 11(b) below. This
obtain from (26) the critical frontier for the mixed site-bond percolation as
When s differing from accurate numerical estimates of s c = 0.697 040 2 [27] and s c = 0.697 041 3 [11] . The critical frontier (26) is therefore a close approximation in this instance.
The site-bond percolation has also been studied by simulations by Ziff and Gu for s 1 = s 2 [11] and for p = 1 [29] . Their results indicate (39) works better for site occupation probabilities ∼ 1. Consider the mixed site-bond percolation on the kagome lattice with site and bond occupation probabilities s and p shown in the right panel of Fig. 10 . The reference lattice is shown in the left having edge interaction K and 3-site interaction M. Regard the reference lattice as a kagome-type with the partition function (3). One has
Site-bond percolation on the kagome lattice.
where v = e K − 1, m = e M − 1. Substituting (41) into (26) and setting q = 1, v = p/(1 − p), m = s/(1 − s), one obtains the critical frontier 1 + 3s
(kagome site − bond percolation).
For p = 1, (42) becomes 1 − 3s 2 + s 3 = 0 which gives the exact critical threshold (22) The 3-12 lattice is the lattice shown in Fig. 11(a) with interactions K, K 1 , K 2 . To make use of (26) we regard the lattice as one of the kagome-type consisting of large up-pointing triangles (dotted lines) and small down-pointing triangles as indicated in Fig. 11(b) . Then we have (see also Eq. (5) of [8] )
Substituting (43) into (26), we obtain the critical frontier (re-arranged in a symmetric form)
where h i = 3v
For the 3-12 Ising model with uniform interactions K I , we set q = 2, v 1 = v 2 = v = e 2K I − 1, and (44) simplifies to in agreement with Utiyama [34] and Syozi [28] .
For Potts model on the 3-12 lattice with uniform interaction K, (44) gives
This gives the critical point 
The accuracy of the prediction (47) will be examined in paper II.
For bond percolation on the 3-12 lattice we set q = 1 and write
, where p, p 1 , p 2 are the respective bond occupation probabilities.
Then (44) gives the critical frontier
This expression has been conjectured recently by Scullard and Ziff [26] as a non-rigorous extension of the exact bond percolation threshold of the martini lattice. In the uniform case
which is also given by p c = 1 − e −Kc using e Kc for q = 1 in (47 
G. Critical frontier and homogeneity assumption
We now derive the critical conjecture (26) using a homogeneity assumption.
In the partition function (2), we replace the two Boltzmann weights by
as indicated graphically in Fig. 12 . Equating (52) with (1), we find
where ℓ = e L − 1, n = e N − 1 and similar relations for
Solving (53) for ℓ, n, F , one obtains The duality relation of Potts models with multi-site interactions has been formulated by Essam [22] (see also [2] ). Following Essam, the dual to the lattice in Fig. 13(a) is the one shown in Fig. 13 (b) with e K = (1 + q/ℓ)(1 + q/ℓ ′ ),
where the interaction K is the dual to the two interactions L and L ′ in series. We therefore are led to consider the Potts model on the triangular lattice shown in Fig. 13(b) , where M and M ′ are 3-site interactions.
For M ′ = 0, the partition function is Z tri (q; A, B, C) given by (2) with 
The exact critical frontier in this case is known. It is qA = C, or
For M ′ = 0 the critical frontier is not known. However, the critical frontier must be symmetric in M and M ′ . We now make a homogeneity assumption requiring M and M ′ to appear homogeneously in the exponent of (57). The simplest way to do this is to extend (57) to
The substitution of expressions of K, M and M ′ in (55) and (54) into (57) now leads to (26) .
IV. SUMMARY
We have considered the q-state Potts model and the related bond, site, and mixed sitebond percolation for triangular-and kagome-type lattices. For triangular-type lattices we obtained its exact critical frontier in the form of (9) without the usual assumption of a unique transition. We then applied the exact critical frontier in various applications. For kagome-type lattices we obtained a new critical frontier (26) by making use of a homogeneity assumption. We established that the new critical frontier is exact for q = 2 and for site percolation on the kagome, martini, and other lattices. For the Potts and bond percolation models for which there is no exact solution, the new critical frontier gives numerical values of critical thresholds accurate to the order of 10 −5 . For mixed site-bond percolation, the homogeneity assumption gives rise to critical frontiers which are accurate when site occupation probabilities are ∼ 1.
In summary, we emphasize that applications of the critical frontiers (9) and (26) are not limited to those reported in this paper. They can be extended to numerous other lattice models having a triangular or kagome symmetry, and thus they open the door to a host of previously unsolved problems.
